Abstract-In this article we present the Quantum Internal Model Principle which is a consequence of theory of Disturbance Decoupling for quantum systems, the applications of which extends to control of decoherence in open quantum systems. In the process of formulating a disturbance rejection scheme for quantum systems we arrive at the Internal Model Principle for quantum control systems which is first of its kind in the literature. The internal model principle relates the disturbance rejecting control to the model of the environmental interaction and provides conditions under which a quantum system could be successfully and completely decoupled from the environmental interactions. Although the theory of quantum disturbance decoupling is inspired from classical decoupling, the vagaries of quantum mechanics entails non-trivial modifications and redesign of the construction of decoupling control. Such a modification leads to an enhanced disturbance rejection scheme for the classical systems as well.
I. INTRODUCTION
Internal Model Principle and its applications to classical Linear Control theory has been extensively studied [1] [2] and presented [3] [4] [5] in the literature on classical control. The principle has been extremely useful in output regulation and robust control of linear systems including numerous applications to servo-tracking and process-control systems. The principle in short utilizes the model of the plant(system, disturbance and trajectory generator) to formulate best possible control for asymptotically stable output regulation. Hence if one were to regulate the output, the knowledge of the model of exosystem is essential. In this article we present a qualitatively different flavor of the Internal Model Principle idea applied to Quantum Systems for Decoherence Control. Decoherence affects every quantum system and entangles its states with that of the environment [9] . Decoherence and quantum noise prevent exploitation of quantum speedup for computing and communication [10] . Various efforts to control decoherence in practical quantum systems have been successfully put forward [11] - [13] . Feedback control has proven to be an effective tool and has been widely proposed for control of decoherence [15] - [18] . The problem of Decoherence Control can be related to classical disturbance decoupling [8] after careful examination of the related quantum mechanical pitfalls. The theory of disturbance decoupling utilizes feedback control which is little understood for quantum systems. It is shown that feedback control along with the knowledge N. Ganesan is with Dept. of Electrical and Systems Engineering, Washington University in St. Louis, MO -63130, USA.
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tarn@wuauto.wustl.edu of the environmental interaction could help decouple the system completely from the environment. In order to do so the system must be restructured first based on the model of environmental interaction. This in turn gives rise to the theory of enhanced disturbance decoupling wherein the repertoire of controls from the entire control algebra is utilized for efficient decoupling.
The rest of the article is organized as follows. A brief introduction to classical Internal Model Principle in linear control theory is presented in section 2. The problem statement, the open loop invariance for quantum systems with an output equation and ideas behind quantum control via classical feedback are discussed in section 3. Quantum disturbance decoupling via feedback control leads to an enhanced disturbance decoupling strategy which is discussed in section 4. The above mentioned ideas come together in a coherent way into what is called "Quantum Internal Model" principle where in the model of interaction with the environment is indispensable to efficient disturbance decoupling which is discussed in section 5.
II. CLASSICAL INTERNAL MODEL PRINCIPLE
Consider a linear system subject to disturbance d(t) modeled as,ẋ
with the tracking error e = Cx + Du
The exosystem consists of the reference input and the plant noise, both generated by linear autonomous differential equations,
with arbitrary initial states. The corresponding quantities x ∈ R n , u ∈ R m and y ∈ R p . It is possible to combine the states of the exosystem into
such that the reference input and disturbance is now governed by the linear system,
. Thus the linear system governing the system and the exosystem could be written together as, FrC16. 4 1-4244-1498-9/07/$25.00 ©2007 IEEE.
Controller System e(t) e(t) r(t) r(t) u(t) u(t) where
with the goal now to asymptotically regulate e(t) to zero which is the output of (7). It is very common that above system matrices, (A, B, E, C, D, F ), are prone to inherent uncertainties which makes them predictable at best within an error margin. Hence it is important that the controller performs robustly under the above circumstance. The equations describing the combined system and exosystem can now be written as,
with x(0) = x 0 , t ≥ 0. It is useful to denote the deviation of the values from the nominal values (A 0 , B 0 , E 0 , C 0 , D 0 , F 0 ) by a set, w = set ∆A ∆B ∆E ∆C ∆D ∆F (11) and denote the new combined state equation with the exosystem as,ẋ
with the subscript w denoting uncertainty in the parameters(and "0", denoting nominal parameters). The interesting class of control that we will be considering is a dynamic state feedback of the form,
where z ∈ R nz and (K 1 , K 2 , G 1 , G 2 ) are constant matrices of appropriate dimensions. The closed loop system with the above feedback control now modifies as,
where the state of the above system is composed of the states of open loop system and the states of the dynamic feedback z, i.e, x c = col(x, z). The corresponding closed loop system matrices can be identified as,
The following properties serve as the corner stones for the robust linear output regulator problem which the feedback control is expected to satisfy. Property 1. The matrix A c0 is Hurwitz,i.e, the closed loop combined system matrix for nominal open loop matrix A 0 is asymptotically stable(eigenvalues with strictly negative real parts).
Property 2.
There exists an open loop neighborhood W of w = 0, such that, for all x c0 and v 0 and for all w ∈ W , the trajectories of (17) satisfy, 
III. OUTPUT INVARIANCE FOR QUANTUM CONTROL SYSTEMS
In the following, we adopt the formalism proposed in Huang et. al [19] , wherein the controllability properties of bilinear input affine systems [20] - [22] on the analytic manifold [23] [24] were studied and applied to quantum control systems described by the corresponding Schrödinger equation. Let
be the quantum control system corresponding to an open quantum system interacting with the environment. Let H s be the system's Hilbert space, H e be the environment's Hilbert space, H s could be finite or infinite dimensional and H e is generally infinite dimensional. ξ(t, x) is the wave function of the system and environment. H 0 and H e are skew hermitian operators corresponding to the drift Hamiltonian of the system and environment while H i 's correspond to the control Hamiltonian of the system. H SB governs the interaction between the system and the environment. The above operators are assumed to be time varying and dependent on 46th IEEE CDC, New Orleans, USA, Dec. [12] [13] [14] 2007 FrC16.4
the spatial variable. Consider a scalar function (typically the expected value of an observable) of the form,
where again C(t, x) is assumed to be time-varying operator acting on system Hilbert space. Let y(t, ξ) = f (t, x, u 1 , · · · , u r , H SB ) be a complex scalar map of the system as a function of the control functions and interaction Hamiltonian over a time interval t 0 ≤ t ≤ t 1 . The above scalar function y(t), could for instance, give a measure of the degree of purity or mixedness of the state as it can be seen that for a C = |s i s j |, and a pure state, |ξ = c i |s i , y = c i c * j gives the coherence between states |s i and |s j , where as for a completely mixed state, |ξ = c i |s i |e i , where |e i 's are orthogonal states of the environment, y = 0. The function takes intermediary values for varying degrees of mixedness of the state. In addition, the function y(t) could give the expectation value of a non-demolition observation or could in general be a bilinear form.
The function is said to be invariant of the interaction Hamiltonian if
for all admissible control functions u 1 , · · · , u r and a given interaction Hamiltonian H SB . The properties and dynamics of such a system were analyzed in [25] . The corresponding conditions for invariance were analyzed along with examples to illustrate the formalism. We state the following condition [25] which governs the invariance property of the output equation without proof.
Theorem 3.1: Let C 0 = C(t) and for n = 1, 2, · · ·
The output equation (23) of the quantum system is decoupled from the environmental interactions if and only if,
It was noted that for single qubit systems the above conditions could not be satisfied. Two and higher qubit systems might possess a Decoherence Free Subspace based on the system hamiltonians, coherences within which are unaffected by environmental interactions. However the control hamiltonians H 1 , · · · , H r could break the symmetry and leave the coherence vulnerable to decohering hamiltonian H SB .
Decoherence of a collection of 2-level systems in the presence of control: For a collection of 2-level systems, without control, interacting with a bath of oscillators(environment) the corresponding hamiltonian is
Where the free/drift hamiltonian
where the second term stands for the free hamiltonian of the environment. The hamiltonians are expressed in their skew-hermitian form thus absorbing the imaginary multiplier from the corresponding Schrödinger equation. The environment is modeled as a boson bath [13] , where b k and b † k are annihilation and creation operators of electromagnetic states. The interaction hamiltonian
where the system is assumed to interact through the collective operator j σ (j) 3 and g k 's describe coupling to the mode k of the environment. It was noted that [25] for a C = a|000 000| + b|001 010| + c|010 100| + d|011 101|(∀a, b, c, d ∈ R), for a 3 qubit system the invariance condition (25) is satisfied, meaning, coherences between basis states {|010 , |100 }, {|001 , |010 }, {|011 , |101 } etc are preserved or invariant, even under the action of H SB . In fact these states could be seen to be the bases of Decoherence Free Subspace(DFS), originally proposed by Lidar et. al. [27] , in order to identify basis states that preserve coherence between them due to their degeneracy and other group properties [27] with respect to the interaction hamiltonian. However in the presence of the external symmetry breaking control hamiltonians
i , denote the pauli matrices the invariance condition is no longer satisfied for the operator C as [[C, σ
3 ] = 0 and hence the coherence between the states is not preserved anymore. This is because of the transitions outside DFS caused by the control hamiltonians.
The recent developments [26] include formulation of feedback control for open quantum systems in order to isolate and protect coherences between quantum states within the Decoherence Free Subspaces(DFS) in the presence of symmetry breaking control. A construction involving an auxiliary qubit (dubbed the 'bait') was employed to decouple the system of interest from the environmental interactions completely [26] . In this article however we will emphasize and delve more into the systems theoretic implications of such a construction.
IV. FEEDBACK CONTROL AND ENHANCED DISTURBANCE DECOUPLING
The theory of nonlinear disturbance decoupling [6] [7][8] was proposed in order to decouple classical non-linear systems from disturbances. Although the theory provides the backbone for quantum decoherence control a number of issues such as tensor product interaction, complex projective spaces and quantum noise [28] [29] [30] that are not tractable via conventional approaches sets quantum systems apart from their classical counterparts. The theory of invariant subspace on the tangent space of the system T ξ (M) plays an all too important role in disturbance decoupling of both classical and quantum systems.
Control Assumptions: Quantum Feedback control [14] , [15] , [28] has been well studied and applied to various electromagnetic and optical systems in order to monitor and control the density matrix of the state evolution in 46th IEEE CDC, New Orleans, USA, Dec. [12] [13] [14] 2007 FrC16.4
continuous time. Such feedback methods necessitate the density matrix representation as the continuous measurement and feedback render the state of the system mixed. Such measurements in the continuous time also induce various stochastic effects on the system. However, in what follows, we study the effects of a perfect state feedback and the underlying theoretical considerations as they might help in gaining valuable insights into design considerations of a practical quantum control system. The assumption of perfect state feedback is motivated in part due to technological advancements in quantum non-demolition measurements and process tomography that aims at minimal back actions and disturbances on the system. Furthermore, in classical systems theory many of the interesting results such as controllability, observability, pole placement, system decomposition and classical disturbance decoupling are founded in a theoretical context that form the backbone for further analysis without much consideration of the stochastic effects. Such conditions not only provide guidelines for system design but also lay out hard bounds for the system performance.
Define the vector fields, K 0 = (H 0 + H e )ξ(x, t), K i = H i ξ(x, t), i = 1, · · · , r and K I = H SB ξ(x, t) corresponding to drift, control and interaction can be identified to contribute to the dynamical evolution. The corresponding hamiltonians are assumed skew hermitian. 
where ker(dy) is the kernel of the scalar map y(t) defined as
Hence in order to determine if a system is already decoupled, the knowledge of the invariant subspace is essential. Consider the two qubit control system briefly mentioned in the previous section along with the corresponding controls,
y )|ξ(t) with the corresponding output equation,
= ξ(t)|(iσ
where again the operators are considered skew hermitian. It can be seen that the vector fields, of the form σ (1|2) z ξ(t)(where (i|j) denotes either i or j) and the interaction vector field
, can be seen to belong to ker(dy) [25] as L KI y(t) = 0. Hence the system satisfies the conditions necessary for invariance in the absence of controls. However, the invariance conditions are not satisfied in the presence of control vector fields as above as a simple calculation reveals that the lie bracket of the control vector field,
does not belong to ker(dy) thus precluding the existence of invariance subspace, ∆ for the open loop system. The above conclusion coincides with that obtained from the theorem (3.1). Hence the best alternative is to consider feedback based strategies to solve the decoupling problem. Consider a feedback of the form u = α(ξ) + β(ξ)v where α and β are vector and matrix valued function of the state ξ(t). The conditions for decouplability via feedback can now be stated as the following theorem.
Theorem 4.2:
The output y(t, ξ) = ξ|C(t)|ξ can be decoupled from interaction vector field K I via suitable feedback (α, β) if and only if there exists an involutive distribution ∆ such that,
and ∆ ⊂ ker(dy) where the distribution(possibly singular) G = span{K 1 , · · · , K r }. Such a distribution is called a Controllable Invariant Distribution. Again, in order to determine if a system is decoupled via feedback, the knowledge of controlled invariant distribution is essential. A detailed step by step approach to compute the invariant subspace for quantum systems involving dissection of subspaces on the analytical manifold was presented in [26] . Now, upon inspection, for the two qubit control system described above,
neither belongs in ker(dy) or the distribution G. The latter is true because the vector fields K 1 , · · · , K 4 act trivially on the environment Hilbert space and is not sufficient to contain [K (1|3) , K I ], which acts non-trivially on the infinite dimensional environment Hilbert space. Hence if one were to be able to decouple the state of a quantum system from the environment the control vector fields must act non-trivially on both the system and the environment. An auxiliary system(dubbed as bait) which interacts with both the system and the environment was employed in [26] to effect such a transformation. The construction brought in limited environmental degrees of freedom to the control vector fields just enough to satisfy the closed loop decouplability conditions. The same two qubit control system now with the auxiliary interacting system can be 46th IEEE CDC, New Orleans, USA, Dec. [12] [13] [14] 2007 FrC16.4
written as,
where the control vector fields with terms σ
x|y|z are vector fields of the auxiliary system or its interaction with the two qubit system. The interaction is an Ising type coupling and J 1|2 denotes the coupling constant with qubits 1 and 2 respectively. The new control system now has an element of interaction with the environment via the control u 9 but still not sufficient to satisfy the closed loop decoupling conditions. In order to be able to decouple, the non-trivial action on the environment must be consistent and pervasive among all the control vector fields. However the advantage of the above construction is that, with the auxiliary system interacting with the qubits of interest, it is now possible to generate control vector fields from the repertoire of the control (Lie) algebraK i ∈ G = {K 1 , · · · , K 9 } LA which might act non-trivially on the environment Hilbert space. The "engineered" control vector fieldsK i which belong to the control algebra rather than the linear span as in the distribution G, can thus be used for feedback decoupling. We can now restate the conditions for the closed loop decoupling in terms of control algebra as follows, Lemma 4.3: (Enhanced Disturbance Decoupling) The output y(t) is decouplable via analytic feedback functions α(ξ) and β(ξ) from the interaction vector field K I if and only if there exists a controllable invariant distribution ∆,
where
It can be seen that the class of systems that satisfy the above lemma is strictly greater than that of theorem(4.2), implying enhanced disturbance decoupling helps decouple a greater number of systems. However in order to be decoupled the control vector fields have to be restructured and must be chosen from the control Lie algebra. A rapid back and forth maneuver of the control vector fields K i , K j produces another control vector field in the direction of their Lie bracket which could then be used for analytic feedback control. With the rapid advances in fast computing and control, the above strategy is quite feasible. This is a required condition as the analytic feedback functions which can generate utmost linear combinations of the existing control vector fields, (i.e) span{K 1 , K 2 , · · · , K r } is inadequate to leverage the set of all possible controls. Hence it is necessary to modify the original system in order to utilize the repertoire of all possible controls for efficient feedback control. It is also to be noted that in so doing we do not alter the reachable or controllable set of the original system, but alter the output decouplability which is an observability property of the system.
The Control System Hence we arrive at the following control system with linearly independent control vectors obtained by restructuring the original two qubit system with bait,
24. (where the first number 2 stands for first qubit, the second 2 for the second qubit, the 3 for the states of the finite environment and the last multiplicity by 2 arises due to the fact that vector space over real field needs to be twice as dimensional than that over complex fields in order to generate the same distribution). Hence for the control system described above where the number of independent control vector fields {K ji }, 0 ≤ i ≤ 5 and 1 ≤ j ≤ 4, is 24, span the entire tangent space and hence the control algebra as well. Therefore
Hence the feedback control is now to be performed on the above restructured system rather the original two qubit system. It is also to be noted that the above system does not diminish the controllability of the original system, where as only changes the observability of the interactions. A rather interesting scenario arises when the drift vector field K 0 is a part of the ideal of G and the interaction vector field K I which belongs to the ker(dy(t)), is already contained within the control algebra, (i.e) K I ∈ G. The necessary and sufficient conditions for decouplability from the above lemma are trivially satisfied as
The above discussion can be summarized in the form of a theorem, Theorem 4.4: For the system given by eq.(32) which is a control system on the analytic manifold S H ⊂ H s ⊗ H e , with the output equation (29) there exist feedback parameters α(ξ) and β(ξ) such that under the feedback control of the form u = α(ξ) + β(ξ).v, we have the following invariance condition satisfied
for any two interaction vector fields K I and K ′ I generated by interaction hamiltonians H SB and H ′ SB and where f ≡ y(t) = ξ(t)|C(t)|ξ(t) , is the map of the coherence functional for 0 ≤ t ≤ T . Hence in order to carry out enhanced disturbance decoupling the linear span of the control vector fields must equal the control algebra.
V. QUANTUM INTERNAL MODEL PRINCIPLE
The original two qubit system had to be augmented with the (Internal) model of the environment entering via the control u 9 in eq.(30) so as to restructure the vector fields to act non-trivially on the environment Hilbert space. The connection and relevance to classical internal model could be seen from the fact that the control vector fields u 1i · · · u 4i , of the restructured system(32) take into account the form of the environmental interaction
, in order to ensure complete and successful decoupling just as the classical controller takes into account the properties of the exosystem for successful tracking.
Though the two scenarios employ internal models for seemingly different purposes they are bound by the unifying
Original Open QuantumSystem
Restructured system with the (Internal) model of the interaction HSB Fig. 2 . The original open quantum system acts as the skeletal structure for the larger restructured system. theme that the knowledge of extraneous parameters, such as, the model of disturbance is essential to meet the set control objectives. Such a requirement to the best of authors' knowledge has not been revealed before in the context of quantum control systems.
Hence the knowledge of the model of interaction with the environment, i.e, the decohering hamiltonian H SB is essential to successfully control decoherence in open quantum system. Figure 2 depicts the nature of the original and restructured systems in the sense that the latter is larger and derived from the original by taking into account the model of the environmental interaction H SB , whose closest classical analog is the disturbance system denoted by A 1d in section 2. The fig.(3) outlines the schematic of control system for the decoupling problem, where the coherence measure of the restructured open quantum system and the corresponding closed system must identically be zero. The open and closed terms are used to denote the presence and absence of the interaction term
in system (32). In order to decouple the output from the environment one needs to determine the feedback coefficients α(ξ) and β(ξ) where both depend on the combined state of the system and environment. Hence one needs to have a good estimate of the system as well as the environment itself for successful implementation of feedback decoupling. In other words the state observer must include a model of the environment which would enable us estimate its state and the controller must include a model of the interaction H SB . At this point, the important differences between classical and quantum decoupling problems can be understood at the outset. The structure of the system needed to be altered by non-analytical control in order to, (i) Artificially induce coupling between qubits 1, 2 and the environment with the help of the bait.
(ii) Generate vector fields in higher power of the environment operator so as to generate linearly independent vectors.
Hence it was necessary to modify the core system in more ways than one in order to perform decoupling. It is to be noted the above control strategy is an amalgamation of nonanalytic control to design clever, linearly independent control vector fields and smooth analytic feedback control on top which is the fundamental assumption behind theorem (4.2) performed on the above vector fields. Such a control strategy could be named hybrid and was found essential to complete decoupling in order to implement decoherence control.
Hence, even though environment is an undesirable inter- action the higher powers of the same helped us generate linearly independent vectors in the tangent space, which was absolutely necessary for decoupling. Hence the environmental coupling here befits the description of necessary evil. In classical dynamic feedback [2] the design of controller depends on the model of the exosystem. In contrast the controller and feedback design depends on the model of the interaction. Hence the discussion above could be thought of as the Internal Model Principle analog for quantum control systems. In addition classical output regulation problem concerns with following a reference signal in the presence of environmental disturbance. On the other hand the disturbance decoupling problem focusses on eliminating the effects of the environment.
VI. CONCLUSION
In this article we visited an Internal Model Principle that is uniquely related to quantum systems in light of disturbance decoupling and decoherence control. The tensorial model of interaction of the quantum system with the environment can be skillfully exploited to completely decouple the system from the same. Such a result and its implication are first of its kind in the literature to the best of authors' knowledge. The ideas here presented could not only help further decoherence control but also influence the design of future quantum and classical control systems. In addition a framework for enhanced disturbance decoupling was laid wherein the entire control algebra could be used to effectively decouple a larger class of systems than just those possible via the linear span of the control vector fields.
